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Few words concerning multi-objective 

optimization 
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X - feasible set in decision space 

Decision space
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Y=f(X) - feasible set in criterion space 

X - feasible set in decision space 
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Pareto domination (minimization case)
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Y=f(X)
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Pareto domination (minimization case)
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Non-dominated (efficient, Pareto) frontier

Decision maker (DM) is needed to select a unique solution from the set of 

Pareto-optimal solutions !
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Classification of MCDA methods according to the role of the 

Decision Maker

no-preference 

methods

a priori

preference 

methods

interactive 

methods

a posteriori 

preference

(Pareto frontier)

methods
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 Pareto frontier methods 

 In contrast to preference-oriented methods, they do not 

require complicated and  time-consuming interactions with DM 

to identify preferences 

In contrast to a priori preference methods such as Goal 

Programming , they do not require that the DM specifies a 

goal without knowing information about its feasibility 
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 Key challenges to develop a Pareto frontier method

How to approximate the Pareto frontier 

 How to provide stakeholders information about the Pareto frontier 

e. g. 

 By providing a list of the criterion points that belong to the 

Pareto frontier?

 By providing a visualization of the Pareto frontier?



The first Pareto frontier method in MCO: 

generating the Pareto frontier in linear bi-criterion problem  

(S.Gass and T.Saaty, 1955). 

Parametric LP methods may be used for solving

bAx  Cx,z   min)1( 21  yy 

where         changes from 0 to 1.
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Graph was provided to DM! 
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Thus, the question is: 
Is it possible and is it profitable to visualize 
the Pareto frontier in the case of more than 

two-three criteria?

Interactive Decision Maps technique 
answers: 

Yes, it is possible and profitable

Lotov, A.V., Bushenkov, V.A., Kamenev, G.K., 2004. Interactive Decision

Maps. Approximation and Visualization of Pareto Frontier. In series: Applied

Optimization, vol. 89. Kluwer Academic Publishers, New York.
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Edgeworth-Pareto hull (EPH)
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Three dimensional decision map

Timber

Carbon
Carbon

Interactive Decision Maps

Cork
Timber

Decision map is a collection of bi-objective slices of the Edgeworth-
Pareto  hull in the case of three criteria. 

The decision maps are used interactively, they can be animated, 
zoomed, re-arranged, etc. 
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Rather than forcing the DM to identify the goal (without 

information on the set Y=f(X))…

0

y*

Feasible Goal Method / Interactive 
Decision Maps (FGM/IDM)
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… and then using some distance function to find the 

closest point of the set  Y=f(X) …

0

Y=f(X)y0

y*

Feasible Goal Method / Interactive 
Decision Maps (FGM/IDM)
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Y=f(X) 
Pareto frontier and 

the feasible goal

Feasible Goal Method / Interactive 
Decision Maps (FGM/IDM)
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… the FGM technique provides criterion tradeoff

information that is important for the DM to identify the

preferable non-dominated feasible criterion point (goal).

It can be done directly at the non-dominated frontier by 

using the computer mouse. 

Feasible Goal Method / Interactive 
Decision Maps (FGM/IDM)
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Reference Point Method (Wierzbicki, 1981):
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Feasible Goal Method / Interactive 
Decision Maps (FGM/IDM)
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Feasible Goal Method / Interactive 
Decision Maps (FGM/IDM)

Reference Point Method (Wierzbicki, 1981):
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Reasonable Goals method /  Interactive 

Decision maps (RGM / IDM) 

and its application in exploration of 

complex non-linear models 
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A table of N decision alternatives (rows)  is considered. 

Alternatives are given by a finite number (m) of attributes, 

which are used as the selection criteria (objectives)

Reasonable Goal Method / Interactive 
Decision Maps (RGM/IDM)
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Example: Houses on sale
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Reasonable Goal Method / Interactive 
Decision Maps (RGM/IDM)
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Reasonable Goal Method / Interactive 
Decision Maps (RGM/IDM)
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Reasonable Goal Method / Interactive 
Decision Maps (RGM/IDM)
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Thank You!
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